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The second of two parts  of this article extends a mathematical 
theory of non-symbolic learning and conditioning to cases where 
reward and punishment are involved. The  preceding results are 
generalized to the case where stimuli and responses are related psy- 
chophysically, thus constituting a theory of transfer ,  generalization, 
and discrimination. 

4. Instrumental conditioning and the effect of rewurd and punish- 
ment. 

In cases of what is often called "instrumental conditioning," in 
which the connection between stimulus and response is impressed at 
least partially by a reward following the evocation of the correct re- 
sponse, or is inhibited by a punishment so placed, a variety of obser- 
vational considerations would appear to indicaCe that suitably placed 
affective stimuli influence the reaction-tendency Es directly, in the 
manner of true conditioning, ra ther  than merely the threshold R j; 
thus, for example, inhibition of a conditioning consequent upon post- 
liminary painful stimuli seems rather to have the nature of true coun- 
ter-conditioning than inhibition, both in relatively slow temporal co- 
arctation, and stability under influences which generally effect at least 
temporary loss of most inhibitions. Conversely, reinforcement by 
subsequent reward appears to have most of the properties of ordinary 
conditioning. This has been evidenced in several studies, especially 
those of Youtz (55, 56),* and also Brogden, Lippman and Culler (3), 
Brogden and Culler (2), Bugelski (5), and Skinner (46), with a sum- 
mary in (18). This being the case, when affective stimulation is in- 
volved in the experimental routine, we must modify the expression 
(10) to accommodate it. 

Our procedure for deriving the effect of this factor will again be 
much Hke that  of the previous sections. Considering the situation of 

* The numbered references in the present paper are all to the bibliography 
in the previous section of the present discussion, A General Theory of Learning 
and Conditioning, Part I, which appeared in the March, 1943, issue of this jour- 
nal. 
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section 1 again, let us add another  interval g2 a f t e r  g~, containing a 
point  2,  and denote the total affective st imulat ion at  ~, reckoning re- 
wards  as positive and punishments  negatively, by  V(2) .  In human 
beings this may  be determined psychophysically (Horst ,  22), and in 
animals held constant  and fitted indirectly f rom the  data. We  may  
designate b y / l ~ x  T~i(~, t) the  change in the ord inary  increment  
LJ~ T ~ ( 5 ,  t) of T~j, as  given by  (6),  which results  f rom the facts :  
(1) tha t  a t  d~,  there  is type  i s t imulation of  intensi ty  P~(~) ; (2) a t  
d~,  there  is conditioned type  ] response tendency derived f rom con- 
dit ioning of magni tude Qi (7) ; while (3) a t  g~ there  is a quant i ty  of 
affective st imulat ion V (~). Then we shall say 

~ T~s(~, t) - -  V ( D  P~(~) Q~(~) • 

The considerations leading up to the fac tor  P~ (~)e  - a 6 . ~ - ~ - ~ - ~  in 
this  a re  the same as in (6) ,  wi th  the  exception tha t  here  we have 

(t  - 2) instead of r (t - 7) as  before ; this results f rom the fac t  tha t  
the  increment  (14) is not  established until 4,  and consequently can- 
not  begin to decay until then. The fac tor  e -~(x-~) arises f rom the ne- 
cessity of some monotone decreasing factor,  involving the distnnce 
2 - ~ ,  which is uni ty  for  zero separat ion and approaches zero asymp- 
totically for  increasing ~ -- ~; ~t may  perhaps  be  rendered plausible 
on the basis of  some hypothesis  involving the st imulus-trace of  the 
conditioned pa r t  Q~ (~), considered as a medium whereby  the value of  
V at  ~ influences T~ ( t ,  t) in a manner  involving the value of Q~ at 

. That  the function of  the distance 2 - ~ must  have these proper t ies  
follows from the experimental ly  observed diminution of the effect of 
affective stimulation as the interval between it and the reaction is 
augmented.  The reason for  using Q~ here  in place of the  perhaps more  
natura l  E~, or  possibly S~, a re  part ial ly observational:  firstly, instru- 
mental  counter-conditioning by use of punishment  can be set  up in 
eductions of the  reaction by the conditioned st imulus alone, in which 
case S~. vanishes throughout  (Pavlov, 37 and Youtz, 55, 56) ;--this ex- 
cludes the  use of S~ for  Q~ in (14)- -moreover ,  we observe in general  
a resistance to instrumental  countercondit ioning which appears  great- 
er when the unconditioned react ion is ve ry  s t rong than it would seem 
to be under  (14) wi th  Ej  for  Q~, for  in this case the  inhibition would 
be correspondingly more  rapid in its ra te  of increase. This is of 
course not  conclusive, bu t  it appears  to confer  a presumption.  A bet- 
te r  founded decision must  awai t  more  quant i ta t ive  experimental  evi- 
dence. 

The expression (16) may  be added to (5) and integrated over all 
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intervals d~ ~ d~ -* dt  which are  concerned;  and we obtain, upon a 
change in order  of integration,  

T ~ ( 8 ,  t)___---- T%j(8, t) + [S~(,/) - Q;( , / )]  d,/ P , (~ )  × 

£' f? e -=~-i~'('~-~-~)'-y't-'~) d~ + Q~ (~) dy (2) × 

d] foVP~ (~) e-~-~c~-~-~)*-~c*-x)-~(x-~ > d~.  

(17) 

fo' II° :/L Qj(t) - -  [S~ (~) - Qj (~) ]  d~ + Q~O1)dv, ~,t e,~, 
(i8) 

where  we have set 

l[ a'fl'T [ = f,*dO f ,  t fo'F ,O) X ~, n, t V(1)d,~ (~ 
C -a(t-e)-~=('~-c-t+°)=-y(°-x)-B(x-~) d~. (19) 

Equation (18), like (10), is an integral  equation to determine Q~ ( t ) ,  
and, by (3) and (17), also Es and T,~. Since the  same continuity con- 
ditions are  satisfied as before, i t  is soluble by the s tandard methods, 
a process we m a y  ca r ry  out in exact analogy to the solution of (10). 
Then we may  put  

s , ~ , t  ,7 , t  ' 

Km(t,~) --K(t,rl) , K ¢ ~ ) ( t , ~ )  - -  K(~,¢)K("~(~,t)dg, 

for  M1 integers n ,  and 

,I, ( t ,  ~) - -  ~,, K¢") ( t ,  ~/). 

Then similar  manipulat ion to tha t  of  the  previous case yields 

Qs(t)"- fo~ I a'fl'71Si(~])d~+ fot fo'~'~(t'*])ll a'fl'T O,~] 

Si (0) dOd~ . (20) 

Equations (1) and (2) yield wi th  this, i f  we remember  (8),  and 
again apply Dirichlet 's rule, 
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The computat ion of  this solution in an actual case would be ra ther  la- 
borious, especially since the  indicated quadra tures  in the expressions 

(9) and ( 1 9 ) f o r l l  a'fl '7 I ~ , t  and ,,~,ta'fl'71cann°tbeperf°rmedin 

closed form. We shall consider approximate  solutions in a la ter  study.  
Finally, we  may  remark  tha t  if the reaction considered is subject  also 
to experimental  extinction (55),  the  amount  of this effect may  be 
calculated f rom (15),  bu t  using the new value of  Q j .  

5. The case of related stimuli and reaction-tendencies. 
In the  present  section we shall sketch very  briefly the extension 

of the  results  of  previous sections to more  general  cases, where  the  
values of funct ions involving one type of st imulus or  react ion must  be 
regarded as influencing the course of the  learning process in quite dif- 
ferent ,  al though rela~ed, s t imulus-response configurations. There is ob- 
servational  evidence to indicate tha t  not  only must  association be tween 
st imuli--which resul ts  in generalization and t r ans fe r  and the phe- 
nomena of discr iminat ion--be taken into account, but  also the  rela- 
tions between reactions, and, as a consequence of the  latter,  be tween 
reaction-thresholds.  Fo r  this latter,  e.g., Pavlov (37) has remarked  
tha t  inhibit ion-- which we t rea t  as a r ise in the  react ion-threshold--  
is of ten generalized very  widely, sufficiently so in fac t  to produce a 
sleep-like s ta te  in the organism. By proceeding in the same w a y  as 
above, we  shall be able to construct  a theory  capable of accounting 
for  at  least the  comparat ive  magni tudes  of effects of the group men- 
tioned. 

We shall consider the various st imulus-and-reaction configura- 
t ions involved in the  si tuat ion as point-vectors  in a psychophysical  
n-space, whose mutual  distances may  be taken for  learning purposes  
as measur ing  the  extent  of their  association. With human subjec ts  
we may  locate the  st imulus-and-react ion configurations in an appro- 
pr iate  vector  space by the s tandard  methods of modern psychophysics 
and fac tor  analysis,  scaling them so as to obtain thei r  mutual  dis- 
tances in terms of "s imilar i ty"  or  "likeness," as  est imated by  the ex- 
perimental  population. 

We shall suppose there to be some N st imulus-vectors x~ [i = 1, 
2,  ... , N ] ,  and M response-vectors ,  not  necessari ly in the same space 
as the x-~, of such a kind tha t ,  if  any st imulus-vector  x has an uncon- 
ditioned tendency to evoke a react ion-vector  y ,  this is the case solely 
becau~se of its cont igui ty  to some among the  point-vectors xl ,  x~, . . . ,  
x--~, which have the p roper ty  of  evoking reaction-ten'dencies fo r  some 
of the  reaction-vectors zl,  z~, . . . ,  z-~ which are  contiguous to y .  In 
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par t icular ,  if we define To (x,  y ,  5, t) as the amount  of unconditioned 
response-tendency having the configuration y tha t  a unit intensity of 
the st imulus-vector x ,  presented a t  the t ime t ,  will evoke a t  t + 6, 
we shall suppose that  

N M 

To(x,  y ,  6, t) "-~,  ~. To(xi ,  z~, 6, t )e  -k~E(~-~)~÷(z,-vJ~ . (21) 
i=I i~I 

I f  T ( x ,  y ,  6,  t) be the quant i ty  of which To(x ,  y ,  6,  t) is the  un- 
conditioned pa r t ,  we shall consider the above expression to reflect a 
more  general fact :  namely,  tha t  any increment  A T (x,  y ,  6, t) in the 
total value of the conditioning T ( x ,  y ,  ~, t) for  given vectors x,  y 
will br ing  to the value of T (z, w ,  ~, t) for  like configurations z, w 
an increment of s t rength  

A ~ . ~ T ( z , w , ~ , t ) - - A T ( x , y , 5 , t ) e  -~E(~-z)~÷(~-~)'1 . (22) 

Here ,  and correspondingly in (18) ,  (x - z) :2 , (y  - w)2 represent  the 

squares of the magnitudes of the vectors  x - z and y - w ,  and are 
equal to the distances between the points whose radii  vectores are  re- 
spectively x and z,  or  y and w ~. The cases in the previous sections 
differ f rom our present  ones in tha t  all the stimuli and reactions oc- 
curr ing in the former  are assumed to be infinitely f a r  apart .  Our 
choice of the normal distr ibution function to express the diminution 
of generalization with distance is consequent upon its simplicity as 
compared with other  functions of  the  coordinates of the st imulus 
point-vectors which are  uni ty  wi th  vanishing a rgument  and approach 
zero asymptotical ly with increasing distance;  bu t  it may  perhaps be 
also rendered plausible on the basis of a neurological hypothesis.  
There is evidence to indicate tha t  generaliza¢ion gradients  are  em- 
pirically at  least ra ther  like this: thus  we may  instance the results  of  
Hovland (23),  (24),  and of  Bass and Hull  (1) .  

Let  us denote by  x ( t )  the  st imulus configuration being presented 
a t  the  t ime t;  and by  P ( t )  the intensi ty of tha t  stimulation. When 
P ( t )  is zero, so that  nothing is being presented ,  i t  will not  ma t t e r  
wha t  value is assigned to x ( t ) .  F u r t h e r ,  let E @ ,  t) denote ~he in- 
tens i ty  of the  response-tendency at  the  t ime t t e  react  with the  re- 
sponse-configuration y ;  the unconditioned pa r t  of this is 

f t  N M 
S(-y,  t) : P(O) Z Z To(x~, zs, t - O, O) 

0 i = l  j = l  

e-k  2 [ (z , -z(a)  12+ [z j-y] 2 dO . 

(2a) 
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As in (2), we shall also have 

t 

E ( y , t )  = fo P(O) T [ x ( O ) , y , t  - #, 0] 40. (24) 

We may now repeat an argument substantially like that leading 
up to (7), but taking into account (22) and a limiting process with 
respect to associated configurations. We derive 

T ( y ,  z ,  ~, t) = To(y,  z ,  ~, t) i+ f v  e -k~-~i'dV 

fo fo'~P(5) X (25) ' i S ( w ,  ~) - Q ( w ,  v)] d~ 

e-aS-~2(rl-~-5)2-y(t-y)-k2[x(~)-y]2 d 5  , 

where the first integration on the right is a volume integral taken 
throughout the whole psychophysical space in which the response- 
configurations are located, w is the vector from the origin to the ele- 
ment of integration dV, and Qj - -  Es - Ss • Again, as before, we have 
from this 

Yo Qj(-y,t)  = e-k~w-~'dV IS (w ,  ~) - Q ( w , ~ ) ]  d~ × 

~ d O  fo ' lP(5)P(O)  (26) 

e_a(t_e)_132(.q_~_t+a)~_./(t_~)_k2[x(~)_x(o} ]2 45. 

From this expression, precisely as before, Q (y ,  t) may be determined, 
although the practical derivation of the solution may be very difficult, 
since the volume integral in (26),  if writ ten out in terms of the co- 
ordinates of w ,  would involve n successive integrations from -oo to 
¢¢. The equation would be of mixed Fredholm-Volterra type. 

We may proceed similarly to find the expression for R ( x ,  t ) ,  the 
reaction-threshold for the response-configuration x at the time t,  of 
which Ro (x ,  t) is the unconditioned part. Abbreviating 

a,  fl, ~, t = dO (~) P(O) 
k , w , ~ , y  

e -a(t-a)-~(vl-~--t+a)2-T(y't-TI)-ka([x(~)-x(a)]'~+(w-y)2) 45, 
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we shall have, analogous to (15), 

s: s lll R (y, t) ----- Ro (y, t) + d, 7 

-0 (~ ,  r)] dv. 

fi' ~"' l 
k,  w ,  ~, y [S (w ,  r) 

(27) 

Finally, if reward and punishment be introduced, we shall have, giv- 
ing V (2) the same meaning as before, 

So s lllo ' :W Q(-y, t)__-- d r k ,  w ,  7, 

I IIL° "I f?(w,~)dV k,w,~,y 

s f: f: trio V (~) d~ P(~) P(O) 

- 

S ( w  , r )dV  + dr 

+ 

e -a  ( t-o)-,~i(r /-~-t+e)=- T (o-~.) -$ (x-T})-~=([=(~)--~(e) ] i+ (w-y)2} d~" 

(28) 

° 

On both of these equations, (27) and (28),  V is the whole n-space, 
and w is again the radius vector to dV. For evidence, incidentally, 
that the siCuation of equation (28) actually occurs, i.e., that  instru- 
mental conditioning is in fact generalized, we may mention, among 
others Youtz (57), Miinzinger and Dove (36), and Thorndike (51). 

It is perhaps worthwhile to remark that certain previous theo- 
ries of generalization, notably that of K. W. Spence, (48) and the 
elaboration thereupon by Hull (28), which have been strikingly con- 
firmed in cases of "relational" versus "absolute" t ransfer  as a basis 
for various phenomena in conditioned discrimination, emerge as spe- 
cial cases of the theoretical account given above, except that  in accord 
with more recent data on the question, we agree with Razran (41) in 
preferring a negatively accelerated gradient to Spence's parabola. 
This difference is a minor one, however, and consequently the evi- 
dence of Gullikson (15), Gullikson and Wolfle (16), and Spence him- 
self (47) in support of these hypotheses may also be used in favor of 
the present account. 

6. Application to experimental situations. 
The precise relation of the quantities we have calculated in the 

previous section to observation is something which must be stated in 
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ra the r  g rea te r  detail than hi therto,  We may,  in general,  dist inguish 
three  distinc~ types  of s i tuat ion wi th  regard  to the  interpreta t ion of 
our  results:  (1) The first of these may  be represented by the  condi- 
t ioning experiment:  here the subject  may  make any one of a number  
of  mutual ly  exclusive types  of response, or, i f  his reaction-tendency 
for  more of them is high enough, he may  make no reaction of the 
group at  all. (2) In the  second type  of situation, the  subject  is re- 
quired to choose one among a certain group of mutual ly  exclusive re- 
sponses, so that  fai lure to mani fes t  any of  them is not  a possible al- 
ternative.  For  this type, we may  choose as reference  si tuation the  
case of the  rat,  which, when placed upon the p la t form of the  learning 
apparatus ,  may j u m p  ei ther  to the r ight  or  to the  left, cannot  do 
both, but  must  do one of them. (3) Thirdly, we  may  consider the  
case, properly falling under  (1) ,  where  the  response is not an all-or- 
none affair, but  permits  of quant i ta t ive var ia t ion in magnitude.  Ex- 
amples of  this may be found in conditioning glandular  or  vasomotor  
reactions to various stimuli. 

Suppose we define the e j y e c t i v e  r e s p o n s e - t e n d e n c y  for  responses 
of a given type ] as 

~j (t) - -  Ej  (t)  - R~ ( t ) .  (29) 

Now, in a si tuation of  the  first type  considered above, let the effective 
reaction-tendencies at  a given time t be ~j (t)  [] ~ 1,  -.. , M].  Con- 
sider the  quanti t ies Kj (t) ~--- ~j (t) - ~ 6~ ( t ) .  A t  most ,  one of these 

quanti t ies can be positive dur ing a given interval.  I f  none are, then 
we shall say tha t  no react ion will occur dur ing the interval. If,  how- 
ever, dur ing an interval t ,  t + ~, a given Kj > 0 ,  then we shall say 
that  a type  ] response will occur a f t e r  a react ion-latency f rom t given 
by 

log Kj -- q 
L i - - m l O g l o g K i  - (q  + r )  ' (30.) 

for  suitable constants  m ,  q ,  r .  The equation (27) is one derived by  
Landahl for  reaction-t imes f rom neurological considerations (see Ra- 
shevsky, 40) ; it  appears  to fit well to observations.  This asser t ion 
gives us an account of the observed interference of competing reac- 
tion-tendencies a t  the same time which seems to be  in accord wi th  the 
principal facts in the l i terature  about  the subject :  see, e.g., Hi lgard 
and Marquis (18),  Hull (27),  and investigations such as tha t  of  Kel- 
logg and Wolf  (33).  

I t  is wor th  remarking  tha t  the s ta tement  above, together  wi th  
other  similar ones in the present  section, does not  const i tute a new 
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assumption over and above those we have made before; it has, in fact, 
the character of a definition. It  fixes, although not compietely, the 
meaning of the functions E~ and R~ which we introduced above with- 
out defining them formally, trusting to the intuition of the reader to 
supply them with enough meaning to enable him to follow the argu- 
ments adduced from experiment. For a theory of quasi-definitions of 
this sort (they are called reduction-sentences, in that  they enable us 
to reduce certain assertions involving the definienda--although not 
all, as would be the case with explicit definitions--to sentences which 
are directly confirmable by observation), we refer  the reader to vari- 
ous works of R. Carnap, in particular (8) and (9). Quasi-definitions 
of this kind are very common in science: see, e.g., the physical defini- 
tion of "electric intensity." 

In the second type of situation mentioned, we clearly cannot use 
the same method of predicting responses: if all the Ks are negative, 
we infer from the above that  nothing will be evoked; but by hypothe- 
sis, even in this case some reaction must occur. In this case, we shall 
regard the subliminal reaction-tendencies 6j as representing prob- 
abilities of the corresponding types of response; and we shall say 
that, if at any time ~ the subject is required to make a response of one 
of several mutually exclusive types 1 , 2 ,  . . . ,  M,  then the probability 
of a response of a given type ] is 

~s 
P~ --  - (31) 

M ° 

i=l 

The meaning of ~he 8j in this case seems to be rather  different from 
that  in type (1) situations; but there does not appear to be a simple 
way of remedying this, since any attempt to represent the ~ as prob- 
abilities in type (1) situations encounters the difficulty of providing 
a plausible value for the probability of no response. Moreover, type 
(2) situations can hardly avoid being much more under voluntary 
control; and by this route a number of disregarded factors may be- 
come important, to hold which constant a statistical procedure of 
gathering data and interpreting our formulae may be made necessary. 

Situations of the third type considered above present a somewhat 
different sort of problem. We have so fa r  tended to regard ~ as posses- 
sing the dimensions of an average strength of neural stimulation, and 
the relation of such strength of excitation to the intensity of result- 
ing responses capable of varying magnitudes is not very well known. 
Extremely tentatively, however, we may perhaps assume the relation- 
ship to be a linear one: Ij --~ k ~j for  fair ly small positive values of ~ ,  
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or else It = k(1 - e-~e~) for positive ~ and suitable k ,  ~. The whole 
mat ter  req-~res fur ther  experimental study. 

t~y way of conclusion we may make several remarks. First, our 
introductory purpose must be considered fulfilled, since we have de- 
vised a theory of sufficient generality to provide an experimental so- 
lution for all those cases of learning and conditioning which we set 
out to consider. Second, our theory agrees qualitatively with a suf- 
ficient number of experimentally observed effects to make a ~r/ma 
facie case for its being, if not true, at least not far  from the t ruth at 
many points, so that  it should merit  careful experimental study. In 
fact, of the well-known observational effects, there seem to be only 
two which we can say at present are clearly in disagreement with the 
theory: namely, that the facility of experimental extinction is appar- 
ently much reduced when courses of extinction have been interpolated 
in the conditiomng process; and that  the process of "second-order 
conditioning," in which a third stimulus is conditioned to a reaction 
by use, in place of an unconditioned stimulus, of one previously con- 
4itioned to the reaction, although ra ther  difficult to bring about, never- 
theless occurs, whereas under our theory this process would only pro- 
duce conditioned inhibition--unless affective elements are involved, 
as in the experiments of Brogden, Lippman, and Culler (3), and Brog- 
den and Culler (2), where we should derive the proper prediction. 
We shall attempt to account for such cases, and in addition examine 
the possibilities for grounding the theory neurologically, in a later 
study, where we shall also make quantitative comparison of the the- 
ory with whatever precise data are available, and attempt to approxi- 
mate some of the more complex and involved functions in the theory 
in a simpler manner. Meanwhile, the reader is invited to compare 
the theory with any suitable experimental results. 


