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A formal method is derived for converting logical relations among 
the actions of neurons in a net into statistical relations among the fre- 
quencies of their impulses. 

Consider the neuron c~ upon which c~ , .-. , cp have exci ta tory,  
and cp+l, . . - ,  cp.q, inhibi tory synapses. Le t  ~ be the  period of la tent  
addition, so t h a t  c~ is excited at  the  t ime t if  and only if  the number  
of impulses along c l ,  - - - ,  cp which have concurred wi th in  an in terval  
of dura t ion  6 about  t - -  1 exceeds 6~, and none has occurred wi th in  
along any of c m ,  . . . ,  Cp+q. Suppose tha t  the sequences of impulses 
along c l ,  . . - ,  cp are  stat ist ically independent,  and let v, be the mean 
f requency  of impulses along c , .  Then the  mean propor t ion  of t ime 
t ha t  exact ly r exc i ta tory  impulses a r r ive  upon e~ wi th in  an in terval  
of dura t ion  5 is given by 

ir=p ia=p i~=p j=r 

E -.- E E / /  ~ ' , % .  (1) 
~,,=ir- l+l  ~2=~;1+1 i1=1 i=1 

Consequently, the mean propor t ion  of t ime h tha t  the number  of im- 
pulses concurr ing  upon ca within ~ exceeds 0~ is obtained by summing 
(1) f rom r = 0~ to r = p .  The intervals  of dura t ion ~ within which 
impulses f rom any of cp+l, . . . ,  cp+q occur are  intervals  when ca is inex- 
citable. The mean propor t ion  of t ime when this is not  the case is 
given by 

k=-p+q 

/1 (1 - , ~  n ) .  (2) 
"/r 

The f requency  v~ is then the product  of (2) by A, or 

k=p+q r=-p ir=p i.~=p i,=p ]=~ 

v , = 0  -1 / /  ( 1 - - 6 , k )  W. E "-" X X / /  O * �9 (3) 
k=p+I ~=-O~ ~r=~ r 1+1 {.~={+l i l= l  j = l  V*Y " 

I f  we compare equation (3) wi th  expression (1) of the preceding 
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paper (McCulloch and P~tts, 1943), whose notation we shall use, and 
apply a straightforward inductive argument, we obtain the following 

THEOREM. 

Le t  ~ be a net of order zero, or, more generally, one for  which 

N i ( z )  =-- S ~ [ i ~  1 , . . . ,  s] 

is a solution where in  the Si fulfill the conditions of Theorem X of the 
preceding paper. Le t  ~j be the mean frequency of impulses in cj , and 
let the expression A~ be generated out of Si by the fol lowing rules: 

Replace each N of Si by '6 ~, ' w i t h  the same subscript. 

Replace every v by ' + ', every �9 by ' • ' and every ~ by 

(1) 

(2) 
'1  - - '  

(3) 
Z2-~Zz 

Replace the operators (z~) and (Ez~) re~eo t ive ly  by H 
zl=0 

Z~ZI 

and ~ wherever  they occur. 
zl--o 

(4) Replace every occurrence of ~ predicate C ~  by a symbol  for  
the funct ion f ~  (t) which is defined for  all natural  numbers  t as uni ty  
when  t = m (mod n),  and otherwise zero. 

Then  the frequencies of impulses in the ~ci are given in terms of 
those of the peripheral afferents by the equations 

~ ~ A ~ [ i ~  1 , . . . ,  s]. (4) 

The correspondence expressed by this theorem is exactly that  of 
Boole between the algebra of logic and that  of probability. It con- 
nects the logical calculus of the preceding paper with previous treat- 
ments of the activity of nervous nets in mathematical biophysics and 
with quantitatively measurable psychological phenomena. For these 
phenomena we can construct hypothetical r/ets by the powerful meth- 
ods of the preceding calculus. The theorem then enables us to deter- 
mine specific predictions from the quantitative characters of the 
stimulus to those of the response. These predictions can be compared 
with observations and, if necessary, the nets be altered until the con- 
sequent predictions are verified. 

But this procedure leads to error whenever the assumptions lead- 
ing to equation (3) are not fulfilled. This will be the case if the fre- 
quencies are too great, but the Limit is many times the maximum ob- 
served. When the frequencies are too small, the statistical treatment, 
though valid, is of little help, but we may here convenienr use the 
logical calculus directly. The same obtains in microscopic physiologi- 



H. D. LANDAHL, WARREN S. McCULLOCH AND WALTER PITTS 137 

cal analysis. The most impor tant  exceptions are those which arise 
f rom physiological factors t ha t  synchronize activities and thus re- 
s tr ict  the domain of the validity of the assumption of statist ical  in- 
dependences required in the derivation of equation (3).  
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